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MOTIVATION


#

a few digitally uneducated
experts society

/

digitally illiterate society with a few experts



collective understanding

you?

society with a distributed and high degree of digital education



representation




representation

processing




representation

processing

programming




representation

processing

programming
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digital fundamentals




data analysis

representation

processing

programming

Y

digital fundamentals
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data analysis

intelligence

artificial

representation

processing

programming

Y

digital fundamentals
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digital applications

Al
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. artificial
data analysis . .
Intelligence
representation processing programming
Y

digital fundamentals
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digital applications
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digital fundamentals
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digital applications
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digital fundamentals
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digital applications

A =
. artificial
data analysis . .
Intelligence
representation processing programming
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digital fundamentals
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PROBLEM
SOLVING



a model for solving problems

input >~ > output




input

a model for solving problems

»  solution

> output
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input

a model for solving problems

-

computation

> output



1, b}

atb




input

-

count_plants()

> output
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count_plants()

> output
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count_plants()

42
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processing of
information

count_plants()

representation of
information

42
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input

G

ChatGPT

> output
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next _move()

» E2 - E4
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problem solving strategies



divide and conquer

xS



large and complex problem
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smaller problem

smaller problem

smaller problem

smaller problem
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even smaller problem

even smaller problem

smaller problem

smaller problem

smaller problem
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sorted list +
element

search()

> yes/no
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IS 67 a prime number?

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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linear search

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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linear search

3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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linear search

5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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linear search

7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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linear search

2.) 3) 5) ;) aﬂ:) ar}) H, %9) 2-3..’ 2-9) 3&.’ 3;.’ 4'&J
43, 47, 53, 59, 6%+, 67, 71, 73, 79, 83, 89, 97
1
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19 steps... can’'t we do better?

%) 3) 5) ;) aﬂ:) B) E, %9) 2-3.) 2-9) 3&) 3;) 4&)
43, 47, 53, 59, 6%+, 67, 71, 73, 79, 83, 89, 97
1
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large and complex
problem

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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large and complex
problem

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97

smaller
problem

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41

smaller
problem

43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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binary search

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97

42



binary search 67 =41

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 4%,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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binary search 67 > 41

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 4%,

43, 47, 53, 59, 61, 67, /71, 73, 79, 83, 89, 97
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binary search 67 > 41

!
2-) -3') 5) ;) ﬂ) 1_3') 14) 1-9) 2-3') 2-9) -3&) -34) 4&)
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
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binary search

2, 3, 5, 7, 1, 13, 1#, 19, 23, 29, 3%, 37, 4%,
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97
1
67 1=71
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binary search

2, 3, 5, 7, 1, 13, 1#, 19, 23, 29, 3%, 37, 4%,
43, 47, 53, 59, 61, 67, 7+, 73, 79, 83, 89, 97
1
67 1=71
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binary search

2, 3, 5, 7, 1%, 13, +#, 19, 23
43, 47, 53, 59, 61, 67, 7*, 73,
1

J J

20, 3%, 37, 4%,
79, 83, 89, 97

67 <71



binary search

2, 3, 5, 7, 1%, 13, 17, 19, 23
43, 47, 53, 59, 61, 67, 7*, 73,
1
67 1= 59
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binary search

2, 3, 5, 7, 1%, 13, 17, 19, 23
43 47, 53, 59, 61, 67, 7t, 73,

67 > 59
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binary search

51



binary search

2', '3', 5', ;, a&) B) H-’
4'_3', 4'4) -5-3') 59) 6&.7 67J

13,
73

J

67 =67

23
73,

J

29
73,

J

33
83,

J

>
89,

, 4%,
S+
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3 splits — much better

53



how efficient are linear and
binary search in general?
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count_words()

» word count
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how many words are in the book?
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strategies, anyone?
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page 1

59



187

page 1
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187

61



187

page 1

page 3
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63



n = 1327 pages

@ 2:23 minutes per page

~ 52.34 hours
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divide and conquer
+

?

65



pages 1 -700

r
rgia

student 1

pages 701 - 1327

r
rgi

student 2
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pages 1 - 350

student 1

pages 351 - 700

student 2

pages 701 - 1050

i A &N

student 3

pages 1051- 1327

T

student 4
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divide and conquer

+

distribution and parallelization
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split()

YV VY

count_words(part_1)

count_words(part_2)

count_words(part_n)

YV VY

merge()

—p word count

69



INFORMATION



“Information is that which allows you to make a

correct prediction with accuracy better than chance.”

Adami, Christoph. “What Is Information?” Philosophical Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences,
vol. 374, no. 2063, Mar. 2016, p. 20150230, https://doi.org/10.1098/rsta.2015.0230.

71


https://doi.org/10.1098/rsta.2015.0230

“Information is that which allows you to make a

correct prediction with accuracy better than chance.”

Adami, Christoph. “What Is Information?” Philosophical Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences,
vol. 374, no. 2063, Mar. 2016, p. 20150230, https://doi.org/10.1098/rsta.2015.0230.
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https://doi.org/10.1098/rsta.2015.0230

defining and measuring information

73



guess the number am | thinking of!

what is the most efficient approach?
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IS it > 87

0@@@@@@@5@@@@@@@@
3



IS it > 87




IS it > 87
IS it > 47

00000000
3



IS it > 87
isit>47? v




is it > 87
isit>47?
IS it > 67

0000
b




isit>8? <
isit>47?
isit>6?7 v

000000000DODODOD




IS it > 87
IS it > 47
IS it > 67
Isit>77

<L

81



IS it > 87
IS it > 47
IS it > 67
Isit>77

000000000DDDODOD

XSS X

82



IS it > 87
IS it > 47
IS it > 67
Isit>77

with 4 questions from 16 to 1

<L
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IS it > 87
IS it > 47
IS it > 67
Isit>77

with 4 questions from 16 to 1

<L
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where is the information?

85



IS the information?

where




where is the information?

N=16




where is the information?




where is the information?

N—=46
N=-8

=4

N




where is the information?

111
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where is the information?

{111z




information = reduced uncertainty
uncertainty is measured with the logarithm of N

H = logs(N)
l ) l

v

0000000000 DOODOD .




or: how often can we cut the remaining
possibilities in half?

H = logz2(N)
l . l

v vy

0000000000DOODOD .




Hy = logs(16) = 4







Hy— Hq

I =




loga(16) — loga(8)

[ =




I =4-3=1




uncertainty and information are
measured in bits

99



how many yes/no questions to reduce
uncertainty to zero?

H =0 =logs(1)

100



how many yes/no questions to reduce
uncertainty to zero?

H =0 =logs(1)
H = logz2(N)

101



poker

102



which card am | holding?

b

52 card poker deck

103
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52 possible cards
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is the card black?



is the card black?




is the card black?

is it hearts?




is the card black?

is it hearts?
yes

109



is the card black?

is it hearts?
yes

is it 8 or above?

110
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is the card black?

no
is it 8 or above?

is it hearts?
yes

yes
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is the card black?

no
is it jack or above?

is it 8 or above?

is it hearts?
yes

yes
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is the card black?

no
is it jack or above?

is it 8 or above?
yes

is it hearts?
yes

yes
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is the card black?
no

is it hearts?
yes

is it 8 or above?
yes

is it jack or above?
yes

is it queen or above?
yes

is it king?
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is the card black?
no

is it hearts?
yes

is it 8 or above?
yes

is it jack or above?
yes

is it queen or above?
yes

is it king?

no
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with 6 questions
from 52 to 1



uncertainty with N = 52 possibilities?

=

H =logs(52) ~ 5.7



uncertainty with N = 52 possibilities?

V
' average # of yes/no
— 4 guestions

H =logs(52) ~ 5.7




one bit of information with each answer...

log2(52) — log2(26) = 1



one bit of information with each answer...

log2(52) — log2(26) = 1

...that cuts the remaining options in half
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is it a spades card?



is it a spades card?
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is it a spades card?
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how much information?



is it a spades card?
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logs(52) ~ 5.7
log2(39) ~ 5.29

how much information?
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is it a spades card?
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is it a spades card?

how much information?

Hy =logs(52) ~ 5.7
H; =1log-(39) =~ 5.29
Hy— H; ~0.41

that's less than 1 bit

0o > >
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chess

129



> next_move() > E2 > E4

130



how much information is
one move?

> next_move() > E2 > E4

131
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133
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c2 —»> c4 5

135



c2 —»> c4 5

136



c2 —»> c4 5

137



7

6
c2 > c4 5
ch - d3

138



7

6
c2 > c4 5
ch - d3

139



c2 — c4

how many possibilities?

140



64 fields x 64 fields

how many possibilities?



64 x 64 = 4096

possible moves*

*disregarding impossible moves 142



64 x 64 = 4096

H = log5(4096) = 12



64 x 64 = 4096
H = log5(4096) = 12

one chess move is 12 bits of information



an alternative way to calculate # bits

145






cz2c4

4 digits
8 possible symbols per digit

147



cz2c4

4 digits
8 possible symbols per digit
how many bits per digit?

148



cz2c4

4 digits
8 possible symbols per digit
how many bits per digit?

Hgigiw = log2(8) = 3

149



cz2c4

4 digits
8 possible symbols per digit
how many bits per digit?

150



Havg — 1092(5) XM

S: number of possible symbols
n: number of digits in our message

151



H o = [loga(S)]| X n

when calculating bits for storage, we must
always consider the worst case

152



# digits and # symbols

153



A}



A
A A



A, Bj



A, Bj

AA, AB, BA, BB



{A, B, C}



{A, B, C}

AA, AB, BA, BB,
AC, BC, CA, CB, CC



{A, B, C, D}



{A, B, C, D}

, BA, BB, AC, BC, CA, CB,
DA, BD, DB, CD, DC, DD

AB
, AD,

AA,
CC



{A, B, C, D, E}



{A, B, C, D, E}

AA, AB, BA, BB, AC, BC, CA, CB, CC,
AD, DA, BD, DB, CD, DC, DD, AE, EA,
BE, EB, CE, EC, DE, ED, EE

163



with # digits n = 2

# symbols # messages

o b WO DN
—
o

sz



with length n = 2

# symbols # messages

f(x)

o b WO DN
—
o

165



and more digits?

166



A, Bj



A, Bj

AAA, AAB, ABA, ABB,
BBB, BBA, BAA, BAB

168






A, Bj

AAAA, AAAB, AABA, AABB,
ABAA, ABAB, ABBA, ABBB,
BAAA, BAAB, BABA, BABB,
BBAA, BBAB, BBBA, BBBB



with # symbols S = 2

# digits # messages

o b WO DN
—
o
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with # symbols S = 2

# digits # messages
1 2
3 > 8
4 16
3 32

172



with # symbols S = 2

# digits # messages
1 2
3 > 8
4 16
3 32

173



# possible messages with n digits and S symbols
N=5"

174



COUNTING
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1 x 102 + 2 x 10" + 3 x 10°
1 x 100 + 2 x 10 + 3 x 1

123

178



4 1 2 3

179



4 1 2 3

? 102 101 100

=4 x 10° + 1 x 10> + 2 x 10" + 3 x 10°

180



4 1 2 3

? & 101 100

4 x 10° + 1 x 102 + 2 x 10" + 3 x 10°

4 x 1000 + 1 x 100 + 2 x 10 + 3 x 1

181



4 1 2 3

? & 101 100

4 x 10° + 1 x 102 + 2 x 10" + 3 x 10°

4 x 1000 + 1 x 100 + 2 x 10 + 3 x 1

4123

182



human hand

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 183



human hand cartoon character’s hand

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 184



(octal)

185



(octal)

186



1 2 3 -

82 8! 8?

=1x8 + 2x8 + 3 x 8°

187



1 2 3

82 81 g0

1x8 + 2x8 + 3x8°

1 x64 + 2x8 + 3 x 1

(octal)

188



1 2 3

82 81 g0

1 x8 + 2x8" + 3 x 8°
1 x64 + 2 x8 + 3 x 1

83 (decimal)

(octal)

189



decimal octal

3 > ?

190



decimal octal

191



decimal octal

16 > ?

192



decimal octal

? - 100

193



what now?

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 194



0,1, ...

195



0,1,10, ...

196



0,1,10, 11, ...

197



0, 1,10, 11, 100, ...

198



0, 1,10, 11, 100, 101, ...

199



0, 1,10, 11, 100, 101, 110

200



(binary)

201



(binary)

202



1 1

0

(binary)

22 2 2°

=1x2> + 1x2" + 0 x 2°

203



1 1

0

22 21 20

1x2° + 1x2" + 0x 2°

(binary)

204



1 1

0

22 21 20

1 x22 + 1 x2" + 0 x 2°
1 x4 + 1 x2 + 0x1

6 (decimal)

(binary)

205



2 3 4 5 6
0, 1,10, 11, 100, 101, 110

206



place value systems

N =d*R" + ... +d.*R" + d *
n 2 1
RO

de{0,1,...R1)

n = number of digits
R = base

207






BITS



why do computers think binary?

(®



21






o 0o 1. 0 1 0 0 1

?

a bit (binary digit)



o 0o 1. 0 1 0 0 1

?

a bit (binary digit)

NS )
Y

a byte (8 bits)







216



\ll\'l\ll \ll \ll\'l\ll\'l

what can we store in one byte?

217



what comes after the byte?



29 pytes = 1.024 bytes = 1 Kibibyte (KiB)
2?0 bytes = 1.048.576 bytes = 1 Mebibyte (MiB)
2% bytes = 1.073.741.824 bytes = 1 Gibibyte (GiB)

219



10° bytes = 1.000 bytes = 1 Kilobyte (KB)

10° bytes = 1.000.000 bytes = 1 Megabyte (MB)
10° bytes = 1.000.000.000 bytes = 1 Gigabyte (GB)
1072 bytes = ?

https://www.matheretter.de/wiki/zehnerpotenzen-namen 220



how many bits are on a DVD with
4.7 GB capacity?



are we stuck with binary?



abejjon

Time
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abejjon

Time
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abejjon

Time
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P—

abejjon

Time
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abejjon

Time

227



abejjon

Time

228



Voltage

—

equidistant
interval

~

>

Time
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Voltage

—

equidistant
interval

230



Voltage

—

high signal

equidistant
interval

>

231



what about R > 2?



abejjon

Time

233



1

abejjon

Time



abejjon

Time



abejjon

Time
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a higher base means less hardware

239



a higher base means less hardware

but more complex devices

240



a higher base means less hardware

but more complex devices

and more errors

241



CODES
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representing text



A B C D
65 66 67 68

d
97

b
98

C
99

d
100

246



ASCII Code

A B C D .. a b ¢ d
65 66 67 68 97 98 99 100



Decimal Binary Octal ASCII Decimal Binary Octal ASCII Decimal Binary Octal ASCII Decimal Binary Octal

00000000 000 NUL 32 00100000 040 64 01000000 100
00000001 001 SOH 33 00100001 041 ! 65 01000001 101
00000010 002 STX 34 00100010 042 “ 66 01000010 102
00000011 003 ETX 35 00100011 043 67 01000011 103
00000100 004 EOT 36 00100100 044 68 01000100 104
00000101 005 ENQ 37 00100101 045 Y 69 01000101 105
00000110 006 ACK 38 00100110 046 70 01000110 106
00000111 BEL 39 00100111 047 ‘ 71 01000111 107
00001000 BS 40 00101000 050 72 01001000 110
00001001 HT 41 00101001 051 73 01001001 111
00001010 LF 42 00101010 052 74 01001010 112
00001011 VT 43 00101011 053 75 01001011 113
00001100 EF 44 00101100 054 5 76 01001100 114
00001101 CR 45 00101101 055 77 01001101 115
00001110 SO 46 00101110 056 z 78 01001110 116
00001111 Sl 47 00101111 057 79 01001111 117
00010000 DLE 48 00110000 060 80 01010000 120
00010001 49 00110001 061 81 01010001 121
00010010 50 00110010 062 82 01010010 122
00010011 51 00110011 063 83 01010011 123
00010100 52 00110100 064 84 01010100 124
00010101 53 00110101 065 85 01010101 125
00010110 54 00110110 066 86 01010110 126
00010111 55 00110111 067 87 01010111 127
00011000 56 00111000 070 88 01011000 130
00011001 57 00111001 071 89 01011001 131
00011010 58 00111010 072 : 20 01011010 132
00011011 59 00111011 073 2 91 01011011 133
00011100 60 00111100 074 92 01011100 134
00011101 61 00111101 075 93 01011101 135 01111101 175
00011110 00111110 076 94 01011110 136 01111110 176
00011111 00111111 ? 95 01011111 137 01111111 177

96 01100000 140
97 01100001 141
98 01100010 142
99 01100011 143
01100100 144
01100101 145
01100110 146
01100111 147
01101000 150
01101001 151
01101010 152
01101011 153
01101100 154
01101101 155
01101110 156
01101111 157
01110000 160
01110001 161
01110010 162
01110011 163
01110100 164
01110101 165
01110110 166
01110111 167
01111000 170
01111001 171
01111010 172
01111011 173
01111100 174
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https://www.eecis.udel.a/~amer/CISC651/ASCII-Conversion-Chart.pdf

OB .. a6 K%

1F600 1F601 1F602 1F603 1F648 1F649 1F64A 1F64B
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Unicode

OB .. a6 K%

1F600 1F601 1F602 1F603 1F648 1F649 1F64A 1F64B
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hexadecimal
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A D

16’ 16°

(hexadecimal)
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1 A D (hexadecimal)

162 16’ 16°

1 x 162 + 10 x 16" + 13 x 16°
1 x 256 + 10 x 16 + 13 x 1

429 (decimal)
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representing images
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B -0k - I e
172 137

#ACB8909
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B -0k - I e
172 137

#ACB8909 AC 89 09
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#ACB8909

172

AC

10101100

- .
137

89

01011001

09

00001001
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# possible colors?
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24

23

22

21

20
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R = -

223 222 221 220 219 218 217 216 215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20
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R e :

223 222 221 220 219 218 217 216 215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20

I\ J J U J
Y Y Y

256 X 256 X 256
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R e :

223 222 221 220 219 218 217 216 215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20

I\ J J U J
Y Y Y

256 X 256 X 256

16.777.216
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grayscale
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grayscale

256 shades of gray
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grayscale
256 shades of gray

how many bits ?
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grayscale
256 shades of gray

how many bits ?
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—
{ "ffffs."
Fi AN ”

black/white

276



CS50 Pixel Art
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https://docs.google.com/spreadsheets/d/1Kz-zYyX00IS-GVIzrs22k53VSKF31RpjLwHOqGFS7TQ/edit?usp=sharing

compression?
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fonts
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011101000110001100
01111111000110001
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011101000110001100
01111111000110001
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bitmap



vector graphics

286



<svg width="440" height="220" xmlns="http://www.w3.0rg/2000/svg">
<circle cx="60" cy="60" r="50" stroke="#0085C7" stroke-width="10" fill="none" />
<circle cx="180" cy="60" r="50" stroke="#000000" stroke-width="10" fill="none" />
<circle cx="300" cy="60" r="50" stroke="#DF0024" stroke-width="10" fill="none" />
<circle cx="120" cy="110" r="50" stroke="#FFD500" stroke-width="10" fill="none" />
<circle cx="240" cy="110" r="50" stroke="#009F3D" stroke-width="10" fill="none" />

</svg>
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<svg width="440" height="220" xmlns="http://www.w3.0rg/2000/svg">
<circle cx="60" cy="60" r="50" stroke="#0085C7" stroke-width="10" fill="none" />
<circle cx="180" cy="60" r="50" stroke="#000000" stroke-width="10" fill="none" />
<circle cx="300" cy="60" r="50" stroke="#DF0024" stroke-width="10" fill="none" />
<circle cx="120" cy="110" r="50" stroke="#FFD500" stroke-width="10" fill="none" />
<circle cx="240" cy="110" r="50" stroke="#009F3D" stroke-width="10" fill="none" />

</svg>
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representing sound

289



oo N
YRR




| pressure

» time

~

how many samples per time unit?
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# bits per sample?

N

/

| pressure

~

# samples per time unit?

» time

292



telephone



16 bits

/

| pressure

» time

8 kHz
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MUuSIC

295



16 bits

-~

| Pressure

» time

44.1 kHz
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musical instrument digital interface
(MIDI)



byte 1 = note
byte 2 = velocity

b B3 7l

il ksl ]

21 24 108



what code systems exist outside
of computers?



MORSE CODE

(ALPHABETICAL)

A
B
Cc
D
E
F
G
H
|

J

K
L
M

& Radio Society of Great Britain
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ANALOG VS.
DIGITAL



where can you stand on each side?

K10)4



where can you stand on each side?

303



where can you stand on each side?

only four
different levels
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A

where can you stand on each side?

any level is only four
possible 3 different levels
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where can you stand on each side?

CONTINUOUS DISCRETE
- 4
any level is only four
A possible different levels

306



analog and digital clocks

Image source: Wikipedia Image source: Wikipedia
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https://upload.wikimedia.org/wikipedia/commons/thumb/c/cb/Split-flap_clock.jpg/640px-Split-flap_clock.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/5/56/Old_alarm_clock_on_the_bookshelf_-_50233824038.jpg/640px-Old_alarm_clock_on_the_bookshelf_-_50233824038.jpg

“Digitization is the representation of an object,
Image, sound, document or signal by generating a
series of numbers that describe a discrete set of
its points or samples”
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analog-to-digital converter (ADC)

309



sampling [— quantization — encoding

turning the encoding the series of
measurement into a numbers in binary
seriesof 1 and 0 and assign meaning

measuring of the
analog signal
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comparator reference digital-analog
register voltage converter (DAC)

>
analog input signal line 1
line 2
line 3
line 4

P digital output
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comparator reference digital-analog
register voltage converter (DAC)

analog input signal line 1

line 2

line 3

line 4

P digital output
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analog input signal

comparator reference
reqgister voltage

step 1:
activate line 1

line 2

line 3

line 4

digital-analog
converter (DAC)

P digital output
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analog input signal

comparator reference
reqgister voltage

step 1:
activate line 1

line 2

line 3

line 4

digital-analog
converter (DAC)

P digital output
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analog input signal

comparator reference
reqgister voltage

step 1:
activate line 1

line 2

line 3

line 4

digital-analog
converter (DAC)

P digital output
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analog input signal

comparator
reqgister

reference digital-analog
voltage converter (DAC)

line 2

line 3

line 4

P digital output
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analog input signal

comparator
reqgister

step 2:
activate line 2

reference
voltage

line 1

line 3

line 4

digital-analog
converter (DAC)

P digital output
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analog input signal

comparator
reqgister

step 2:
activate line 2

reference
voltage

line 1

line 3

line 4

digital-analog
converter (DAC)

P digital output
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comparator reference digital-analog
register voltage converter (DAC)

analog input signal line 1

line 3

line 4

P digital output
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analog input signal

comparator
reqgister

step 3:
activate line 3

reference
voltage

line 1

line 4

digital-analog
converter (DAC)

P digital output
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analog input signal

comparator
reqgister

step 3:
activate line 3

reference
voltage

line 1

line 4

digital-analog
converter (DAC)

P digital output
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comparator reference digital-analog
register voltage converter (DAC)

analog input signal line 1

line 4

P digital output
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analog input signal

comparator
reqgister

step 4:
activate line 4

reference
voltage

line 1

line 3

digital-analog
converter (DAC)

P digital output
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comparator reference digital-analog
register voltage converter (DAC)

analog input signal line 1

line 3

P digital output
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comparator reference digital-analog
register voltage converter (DAC)

we’re donel!

analog input signal line 1

line 3

P digital output

325



so, what analog signal is measured?

<) B ik [ e

326






# bits per sample?

N

/

A continuous wave is transformed into an array of discrete

numbers representing pressure.

| pressure

~

# samples per time unit?

» time
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iImage sensor

photodiode

330



Image sensor

color filter on
top of photo-
diodes

331



Image sensor

HREN

light passed
through filter

332



Image sensor

de-mosaiced
pixel colors
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Image sensor

de-mosaiced

pixel colors
#E06666 #93C47D
#6D9EEB #FFD500
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de-mosaiced pixel colors

filtered light

color filter

335



336



typing text



||h|||_/\/

TIIII

+ |
Backspace

Shift Shift
A . / 43

Win Win
Key Key Citrl

Cirl

Image source: Wikipedia 338


https://simple.wikipedia.org/wiki/QWERTY#/media/File:KB_United_States-NoAltGr.svg
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+ |
Backspace
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A . / 43
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Cirl

Image source: Wikipedia 339


https://simple.wikipedia.org/wiki/QWERTY#/media/File:KB_United_States-NoAltGr.svg
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Backspace
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A . / 43

Win Win
Key Key Citrl

Cirl

Image source: Wikipedia 340


https://simple.wikipedia.org/wiki/QWERTY#/media/File:KB_United_States-NoAltGr.svg

|||||||_/\/

+ |
Backspace

Shift Shift
A . / 43

Win Win
Key Key Citrl

Cirl

Image source: Wikipedia 341


https://simple.wikipedia.org/wiki/QWERTY#/media/File:KB_United_States-NoAltGr.svg
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integrated circuit
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Image source: Wikipedia 342


https://simple.wikipedia.org/wiki/QWERTY#/media/File:KB_United_States-NoAltGr.svg
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Image source: Wikipedia 343


https://simple.wikipedia.org/wiki/QWERTY#/media/File:KB_United_States-NoAltGr.svg

scanning text

344



2

+

optical character recognition (OCR)

345
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temperature sensor

347



A thermometer measures the temperature using a proxy,
such as electrical resistance. The result is a change in
voltage, which can be converted into a temperature.

1100 0101 1101 1110
‘ 1001 0110 1111 0100

0000 0111 1111 0001
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e

Image source: Wikipedia

350


https://upload.wikimedia.org/wikipedia/commons/thumb/d/de/NES_controller.JPG/979px-NES_controller.JPG

5

vﬁo,o,
oA

Image source: Wikipedia

Image source: Wikipedia

351


https://commons.wikimedia.org/wiki/File:HP_Mouse_M-S48-3892.jpg#/media/File:HP_Mouse_M-S48_-_cover_removed-3894.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/7/70/HP_Mouse_M-S48-3892.jpg/640px-HP_Mouse_M-S48-3892.jpg

Image source: Wikipedia
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https://upload.wikimedia.org/wikipedia/commons/thumb/e/ed/Optical_mouse_sensor.jpg/1280px-Optical_mouse_sensor.jpg

digital goods



Image source: Wikipedia

Image source: Wikipedia

354


https://upload.wikimedia.org/wikipedia/commons/thumb/a/a9/A_pile_of_CDs_%2836646534013%29.jpg/1024px-A_pile_of_CDs_%2836646534013%29.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/7/70/Spotify_logo_3.png/640px-Spotify_logo_3.png

computer processable
perfect reproduction
non-rival

near-zero costs of reproduction
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ALGORITHMS



input

who solves the problem?

> output

357



input

-

algorithm

> output

358



algorithm, program, process

359



"A finitely long rule consisting of individual

instructions is called an algorithm."

Source: Vornberger, O., Algorithmen und Datenstrukturen, Lecture notes: http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

360


http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

"A program is an algorithm expressed in a
programming language.”

Source: Vornberger, O., Algorithmen und Datenstrukturen, Lecture notes: http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf
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http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

"A process is a program that is currently executed

by a computer.”

Source: Vornberger, O., Algorithmen und Datenstrukturen, Lecture notes: http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf
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http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

greatest common divisor

363



euclidean algorithm

364



Identify the larger number of a and b. If a < b, swap
numbers so that a > b

Subtract b from a and replace a with the result
Repeat until one of the numbers becomes ©

Return the number that is not zero

365



Loop 1:
a =18, b = 48 — swap

366



Loop 1:
a =18, b =48 — swap — a = 48, b = 18
a =48 - 18 = 30

367



Loop 1:
a =18, b =48 — swap — a = 48, b = 18
a =48 - 18 = 30

Loop 2:

a =30, b =18 — no swap
a =30 - 18 = 12
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Loop 1:
a =18, b =48 — swap — a = 48, b = 18
a =48 - 18 = 30

Loop 2:
a =30, b =18 — no swap
a =30 - 18 = 12

Loop 3:
a =12, b =18 — swap — a
a =18 - 12 =6

12

18, b

369



Loop 1:
a =18, b =48 — swap — a = 48, b = 18
a =48 - 18 = 30

Loop 2:
a =30, b =18 — no swap
a =30 - 18 = 12

Loop 3:
a =12, b =18 — swap — a
a =18 - 12 =6

12

18, b

Loop 4:
a=6,b=12 - swap —»> a =12, b =6
a =12 - 6 =6
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Loop 1:
a =18, b =48 — swap — a = 48, b = 18
a =48 - 18 = 30

Loop 2:
a =30, b =18 — no swap
a =30 - 18 = 12

Loop 3:
a =12, b =18 — swap — a
a =18 - 12 =6

12

18, b

Loop 4:
a=6,b=12 - swap —»> a =12, b =6
a =12 - 6 =6

a =6, b=6— no swap
6

371



Loop 1:

a =18, b =48 — swap — a = 48, b = 18
a =48 - 18 = 30

Loop 2:

a =30, b =18 — no swap

a =30 - 18 = 12

Loop 3:

a =12, b =18 — swap —» a = 18, b = 12
a =18 - 12 =6

Loop 4:

a=6,b=12 - swap —»> a =12, b =6

a =12 - 6 =6

Loop 5

a =6, b=6— no swap

a=6-6-==0

return b = 6
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flow diagrams

373



[BEGIN / END]

/

/

start / end of
algorithm

input / output

command /
assignment

(D

decision

repetition

external routine

374



(o)

Y

/

enter a
and b

/

while
aandb
1=0

yes no

e [N v Y
I e/,

no

(7]
)
~

T Q0
Q T

; l
oo )

a=a-b
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square roots

376



babylonian method



calculate square root of
X=16

378



A=1
B=X/A=16

379



A=(A+B)/2=17/2=85
B=X/A=16/8.5=1.88

B

380




A=(A+B)/2~=10.38/2=5.19
B=X/A=16/5.19=3.08

381



A=(A+B)/2=~827/2=4.14
B=X/A=16/4.14 = 3.86

382



A=(A+B)/2=8/2=4
B=X/A=16/4=4

383



BEGIN

!

get
number
X

384



no

BEGIN

!

get
number
X

385



no

BEGIN

!

get
number
X

yes

set
A:
B=x/A

386



no

BEGIN

!

get
number
X

yes

while
|A-B| > 0.001

l

set
A=(A+B)/2
B=x/A

set
A:
B=x/A
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no

BEGIN

!

get
number
X

yes

while
|A-B| > 0.001

l

set
A=(A+B)/2
B=x/A

set
A:
B=x/A

l

print A

END
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estimating

389
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monte carlo simulation
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BEGIN

v

set
in_circle =0

Y

repeat 10.000
times

v

setx,y=
random (0,1)

yes

increase
in_circle

no

set
pi = 4*(in_circle / 10.000)

Y

print pi

l

END
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gregory-leibniz series

408



1)
2n + 1




410



Solqilple

411



[9,5,2,1,4, 7]



bubble sort



repeatedly compare and swap elements
until done.

414



[9,5,2,1,4,7]

415



[9,5,2,1,4,7] —> 9>57

416



yes

[9,5,2,1,4,7] — 9>587? — [5,9,2,1,4,7]

417



yes

[9,5,2,1,4,7] — 9>587? — [5,9,2,1,4,7]

yes

[5,9,2,1,4,7] — 9>27? — [5,2,9,1,4,7]

418



yes

[9,5,2,1,4,7] — 9>587? — [5,9,2,1,4,7]

yes

[5,9,2,1,4,7] — 9>27? — [5,2,9,1,4,7]

yes

[5,2,9,1,4,7] —— 9>17? — [5,2,1,9,4,7]

419



[9,5,2,1,4,7]

[5,9,2,1,4,7]

[5,2,9,1,4,7]

[5,2,1,9,4,7]

9>57

9>27

9>17

9>47

yes
—_—

yes

yes

yes
—_—

[5,9,2,1,4,7]

[5,2,9,1,4,7]

[5,2,1,9,4,7]

[5,2,1,4,9,7]

420



[9,5,2,1,4,7]

[5,9,2,1,4,7]

[5,2,9,1,4,7]

[5,2,1,9,4,7]

[5,2,1,4,9,7]

9>57

9>27

9>17

9>47

9>77

yes

yes

yes

yes

yes

[5,9,2,1,4,7]
[5,2,9,1,4,7]
[5,2,1,9,4,7]
[5,2,1,4,9,7]

[5,2,1,4,7,9]

421



yes

[5,2,1,4,7,9] — 5>2?2 —— [2,5,1,4,7,9]

422



yes

[5,2,1,4,7,9] — 5>2?2 —— [2,5,1,4,7,9]

yes

[2,5,1,4,7,9] — 5>1?2 —— [2,1,5,4,7,9]

423



yes

[5,2,1,4,7,9] — 5>2?2 —— [2,5,1,4,7,9]

yes

[2,5,1,4,7,9] — 5>1?2 —— [2,1,5,4,7,9]

yes

[2,1,5,4,7,9] — 5>47 — [2,1,4,5,7,9]
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[5,2,1,4,7,9]

[2,5,1,4,7,9]

[2,1,5,4,7,9]

[2,1,4,5,7,9]

5>27

5>17

5>47

5>77

yes
—_—

yes

yes

no
——_—

[2,5,1,4,7,9]

[2,1,5,4,7,9]

[2,1,4,5,7,9]

[2,1,4,5,7,9]
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yes

[2,1,4,5,7,9] — 2>17? — [1,2,4,5,7,9]

426



yes

[2,1,4,5,7,9] — 2>17? — [1,2,4,5,7,9]

no

[1,2,4,5,7,9] — 2>4? — [1,2,4,5,7,9]

427



yes

[2,1,4,5,7,9] — 2>17? — [1,2,4,5,7,9]

no

[1,2,4,5,7,9] — 2>4? — [1,2,4,5,7,9]

no

[1,2,4,5,7,9] — 4>57? — [1,2,4,5,7,9]

428



no

[1,2,4,5,7,9] — 1>27? — [1,2,4,5,7,9]

429



no

[1,2,4,5,7,9] — 1>27? — [1,2,4,5,7,9]

no

[1,2,4,5,7,9] — 2>4?2 — [1,2,4,5,7,9]

430



no

[1,2,4,5,7,9] — 1>27? — [1,2,4,5,7,9]

431



no

[1,2,4,5,7,9] — 1>27? — [1,2,4,5,7,9]

[1,2,4,5,7,9] DONE!

432



selection sort

433



find the smallest element and move it to
front. repeat for the rest of the elements.

434



move to front

[9,5,2,1,4,7] » [1,5,9,2,4,7]

435



move to front

[9,5,2,1,4,7] » [1,5,9,2,4,7]

[1,5,9,2,4,7] > [1,2,5,9,4,7]

436



move to front

[9,5,2,1,4,7] » [1,5,9,2,4,7]

[1,5,9,2,4,7] > [1,2,5,9,4,7]

[1,2,5,9,4,7] > [1,2,4,59,7]
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[9,5,2,1,4,7]

[1,5,9,2,4,7]

[1,2,5,9,4,7]

[1,2,4,5,9,7]

move to front

[1,5,9,2,4,7]

[1,2,5,9,4,7]

[1,2,4,5,9,7]

[1,2,4,5,9,7]

438



[9,5,2,1,4,7]

[1,5,9,2,4,7]

[1,2,5,9,4,7]

[1,2,4,5,9,7]

[1,2,4,5,9,7]

move to front

[1,5,9,2,4,7]

[1,2,5,9,4,7]

[1,2,4,5,9,7]

[1,2,4,5,9,7]

[1,2,4,5,7,9]

439



[9,5,2,1,4,7]

[1,5,9,2,4,7]

[1,2,5,9,4,7]

[1,2,4,5,9,7]

[1,2,4,5,9,7]

[1,2,4,5,7,9]

move to front

[1,5,9,2,4,7]

[1,2,5,9,4,7]

[1,2,4,5,9,7]

[1,2,4,5,9,7]

[1,2,4,5,7,9]

[1,2,4,5,7,9]

440



merge sort

441



divide the elements recursively in two
halves until only one element is left.
then merge the sorted halves back together.

442



divide the elements recursively in two
halves until only one element is left.
then merge the sorted halves back together.

443



[9,5,2,1,4,7]

4///-\>

[9,5,2] Selll [1,4,7]

444



[9,5,2,1,4,7]

4///\>
[9,5,2] Selll [1,4,7]
4/\>

[9] [5,2]

445



[9,5,2,1,4,7]

4///\>
[9,5,2] Selll [1,4,7]
4/\>
[9] [5, 2]
/\s

[5] [2]

446



[9,5,2,1,4,7]

4///\>
[9,5,2] Selll [1,4,7]
4/\> 4/\>
[9] [5, 2] [1] [4,7]
/\s

[5] [2]

447



[9,5,2,1,4,7]

4///\>
[9,5,2] Selll [1,4,7]
4/\> 4/\>
[9] [5, 2] [1] [4,7]
/\ /\

[5] [2] [4] [7]

448



[9,5,2,1,4,7]

4///\>
[9,5,2] split [1,4,7]
4/\> 4/\>
[9] [5,2] [1] [4,7]
/\ /\
[9] [2] [4] [7]
\/

[2,5] merge

449



[9,5,2,1,4,7]

4/’/\>
[9,5,2] split [1,4,7]
4/\> 4/\>
[9] [5,2] [1] [4,7]
/\ /\
[9] [2] [4] [7]
\/

[2,5] merge

/

[2,5,9]

450



[9,5,2,1,4,7]

4/—/\>
[9,5,2] split [1,4,7]
4/\> 4/\>
[9] [9,2] [1] [4,7]
/\ /\
[9] [2] [4] [7]
[2,5] merge [4,7]

[2,5,9]

451



[9,5,2,1,4,7]

4/-/-\>
[9,5,2] split [1,4,7]
4/\> 4/\>
[9] [9,2] [1] [4,7]
/\ /\
[9] [2] [4] [7]
[2,5] merge [4,7]

[2,5,9] [1,4,7]

452



[9,5,2,1,4,7]

ﬁ
[9,5,2] Selll [1,4,7]
4/\> 4/\>
[9] [5, 2] [1] [4,7]
/\ /\
[5] [2] [4] [7]
[2,5] merge [4,7]
[2,5,9] [1,4,7]

N [1,2,4,5,7,9] —

y ’ ’ 453



complexity



input

N\

size of input n

-

algorithm

> output
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input

N\

size of input n

-

algorithm

T

runtime

> output
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O(n)

input

N\

size of input n

-

algorithm

T

runtime

> output



O(1)

runtime is constant and independent of problem size

O(log, n) runtime is determined by the logarithm of problem size
(0](4)] runtime is linear to problem size

0o(n?) runtime grows quadratically with the size of the problem
o(n?) runtime grows cubically with the size of the problem
O(2") runtime grows exponentially with the size of the problem
O(n!) runtime grows factorially with the size of the problem
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optimization

459



traveling salesmen

460



shortest tour?

461



shortest tour?

462



brute force

463



O(n) = n!



5 possible cities

465



5 4 possible cities

466



5 4 3 possible cities

467



5 4 3 2 possible cities

N\\
b

468



54 3 2 1 possible city

469



54 3 2 4 return nome

470



54 3 2 4 return nome

o |

471






O(n) = n!
n=>5
N=5%"4*3*2"1



O(n) = n!
n=3>3
N=5"4*3*2"*1
=120



n=10
n =20
n =30



n=25

brute force takes longer than the universe is old

476



n =60

more possible routes than atoms in the universe

477



|\E"ﬂ\a|\|\‘)'

Wor\dwideLugms

..in Windhoek

Image source: https:/github.com/meiyi1986/tutorials/blob/master/notebooks/ima/pcb-drilling.jpeg Image source: |AS Observatory 478


https://github.com/meiyi1986/tutorials/blob/master/notebooks/img/pcb-drilling.jpeg
https://upload.wikimedia.org/wikipedia/commons/1/1b/Hellmann_Hamburg_LKW02.jpg
https://csdl-images.ieeecomputer.org/mags/cg/1996/06/figures/g60141.gif
https://www.ias-observatory.org/index.php/en/observatories/gamsberg-2
https://www.vdi-nachrichten.com/technik/telekommunikation/wenn-die-glasfaser-ins-haus-kommt/

shortest paths

479



480



dijkstra's algorithm



Distances:  B=w C=0 D=w E=cw

Set A as first
location

482



Distances: , ,C=0o D=wo E=w

v,

483



Distances: , L, C = oo, B =

484



Distances: A=0,B=6,C =, D=1, E=

Move to D as
next location

Mark A as
visited

485



Distances: A =0, C=o D=1 E=

486



Distances: A =0, ,C=o D=1,

W \\/‘

487



Distances: A=0,B=3,C =, D=1,

o

Mark D as
visited

488



Distances: A=0, B = 3, D=1,

489



Distances: A=0, B = 3, D=1,

0 "\

490



Distances: A =0, C=7,D=1,E=2

Mark E as

visited
QO

491



Distances: A =0, C=7,D=1,E=2

No further
locations

reachable
from B

492



Distances: A=0, B = 3, D=1, E=2

493



Distances: A=0, B = 3, D=1, E=2

No further
locations
reachable from

C

494



Distances: A=0,B=3,C=7,D=1,E=2

All nodes
visited, we're
donel!

495



spam emails

496



._.?_. uuuuuu

finding oranges in images

497



Image source: Wikimedia

498


https://upload.wikimedia.org/wikipedia/commons/thumb/e/e3/Oranges_-_whole-halved-segment.jpg/800px-Oranges_-_whole-halved-segment.jpg

Image source: Wikimedia Image source: Wikimedia
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https://upload.wikimedia.org/wikipedia/commons/thumb/e/e3/Oranges_-_whole-halved-segment.jpg/800px-Oranges_-_whole-halved-segment.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/b/bb/Spalding_Basketball.jpg/800px-Spalding_Basketball.jpg

what set of rules can solve this?

500



machine learning algorithms

501



data

rules

l

rule-based
program

P answer

502



data

data

dnNswers

rules

l

rule-based

program

» machine
learning

y

P answer

» rules
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LOGIC AND
ARITHMETIC



[ogic gates are the parts a computer is made of.

combined in the right way, they enable the basic
arithmetic operations a computer can do:
add, subtract, divide, and multiply.

505



AND

B8

lIIO lIIO

506



OR

507



NOT

508



- i

0

NAND

509



NOR

(OO

YYY

lllo

lIIO

510



O___

o —)\

—

O___

XOR

511



building a logic gate



both inputs off

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 513



both inputs off one input on

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 514



the other input on

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 515



the other input on both inputs on

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 516



binary addition



when you come right down to it, @ddition is just about the only thing that
computers do.

if we can build something that adds, we’re well on our way to building
something that uses addition to also subtract, multiply, divide, calculate
mortgage payments, guide rockets to Mars, play chess, and foul up our
phone bills.

(Charles Petzold)

518



an 8-bit binary adding machine

519



an 8-bit binary adding machine

maximum result:
255 + 255 = 510
(0] 3
1 1111 1110

520



How can we add two binary numbers?

11160
+ 1016

521



How can we add two binary numbers?

11160
+ 10160
(%)

522



How can we add two binary numbers?

11160
+ 10160
0 0
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How can we add two binary numbers?

11160
+ 10160
0 0

524



How can we add two binary numbers?

1110
+1606160
O 0 0
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How can we add two binary numbers?

1110
+1606160
O 0 0

526



How can we add two binary numbers?

11160
+ 10160
1000

527



How can we add two binary numbers?

11160
+ 10160
10060

528



adding two bits



530



531



532



533



10

534



(%] 1

0 1

1 10
OR

(%] 1

00 01

01 10

535



10

OR

00

01

SN

the digit on the right, we call the sum bit
the left digit, we call ...?
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10

OR

00

01

SN

the digit on the right, we call the sum bit
the left digit, we call the carry bit

537



00

1

1

0

538



sum bit

00

1

1

0

539



sum bit

00

1

1

0

carry bit

540



sum bit

00

1

1

0

carry bit

doesn’t this look
familiar?

541



sum bit

00

1

1

0

doesn’t this look
familiar?

carry bit

AND

542



00

1

1

0

sum bit
+ 0
(%] (7]
1 1
(0131 (%]
(%) (7}
1 1

doesn’t this look
familiar?

carry bit
+ 0
0 (%]
1 (%]
AND 0
(7 0
1 (%]
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Sum Out

Carry Out

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 544



bits A and B

- Sum O
are inputs Sum Out

Carry Out

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 545



bits Aand B
are inputs

XOR gate

Sum Out .
computes sum bit

Carry Out

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 546



bits Aand B
are inputs

XOR gate
computes sum bit

Sum Out

Carry Out AND gate
computes carry bit

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 547



half adder

bits Aand B
are inputs

XOR gate
computes sum bit

Sum Out

Carry Out AND gate
computes carry bit

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 548



{a, b}

-

binary addition

— {sum, carry}

549



half adder

: Sum Out
Half

Addcr i
C

0 Carry Out

the half adder has no input for a carry bit.

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 550



two half adder wired together make a full adder.

Carry In S Sum Out

Half : 0 i

a _—

Adder ) )——(,ml, Out
) D

A In

B In 'O

Carry In
Sum Out

Full
sl ' Adder N €
C( Carry Out

B In

Image source: Petzold, Charles. Code: The Hidden Language of Computer Hardware and Software. 2nd ed., Microsoft Press, 2022. 551



so how to build this?

552



ML

ST STG R ST R T
Y =K X X /
EZrga N s % =

no carry bit for 1st digits

switch 1st byte,
1st digit (1)
result for rightmost digit (3)
| | =

Full
A“\L[d(.'l'

Carry Out

switch 2nd byte, 1st digit (2) this is carried to the next full adder
553



ML ; E e 3
e N N N g X-
)= o) ) ) 3
EAdn s SN

carry bit from 1st digits
result for 2nd rightmost

digit (3)
switch 1st byte,
2nd digit (1)
Full
Adder
- Carry Out
switch 2nd byte, 2nd digit (2) this is carried to the next full adder

554



result for 8th digits (3)

carry bit from 7th digits

switch 1st byte,
8th digit (1)

Carry In

Full
Adder

switch 2nd byte, 8th digit (2) result for the 9th digit (4)
555



§-Bit Sum

556



