
ALGORITHMS

367BACK

%!7 - Algorithms%!



input output

%%computational_schema_blackbox%% 368

who solves the problem?



algorithminput output

369



370

algorithm, program, process



371

"A finitely long rule consisting of individual 

instructions is called an algorithm."

Source: Vornberger, O., Algorithmen und Datenstrukturen, Lecture notes: http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf


372

"A program is an algorithm expressed in a 

programming language."

Source: Vornberger, O., Algorithmen und Datenstrukturen, Lecture notes: http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf


373

"A process is a program that is currently executed 

by a computer."

Source: Vornberger, O., Algorithmen und Datenstrukturen, Lecture notes: http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf

http://www-lehre.inf.uos.de/~ainf/2013/PDF/skript.pdf


374

greatest common divisor

?input output



375

euclidean algorithm



376

Identify the larger number. If a < b, swap numbers so 
that a > b

Subtract b from a and replace a with the result

Repeat until one of the numbers becomes 0

Return the number that is not zero



377

Loop 1:
a = 18, b = 48 → swap



378

Loop 1:
a = 18, b = 48 → swap → a = 48, b = 18
a = 48 - 18 = 30



379

Loop 1:
a = 18, b = 48 → swap → a = 48, b = 18
a = 48 - 18 = 30

Loop 2: 
a = 30, b = 18 → no swap
a = 30 - 18 = 12



380

Loop 1:
a = 18, b = 48 → swap → a = 48, b = 18
a = 48 - 18 = 30

Loop 2: 
a = 30, b = 18 → no swap
a = 30 - 18 = 12

Loop 3: 
a = 12, b = 18 → swap → a = 18, b = 12
a = 18 - 12 = 6



381

Loop 1:
a = 18, b = 48 → swap → a = 48, b = 18
a = 48 - 18 = 30

Loop 2: 
a = 30, b = 18 → no swap
a = 30 - 18 = 12

Loop 3: 
a = 12, b = 18 → swap → a = 18, b = 12
a = 18 - 12 = 6

Loop 4:
a = 6, b = 12 → swap → a = 12, b = 6
a = 12 - 6 = 6



382

Loop 1:
a = 18, b = 48 → swap → a = 48, b = 18
a = 48 - 18 = 30

Loop 2: 
a = 30, b = 18 → no swap
a = 30 - 18 = 12

Loop 3: 
a = 12, b = 18 → swap → a = 18, b = 12
a = 18 - 12 = 6

Loop 4:
a = 6, b = 12 → swap → a = 12, b = 6
a = 12 - 6 = 6

Loop 5:
a = 6, b = 6 → no swap
a = 6 - 6 = 0



383

Loop 1:
a = 18, b = 48 → swap → a = 48, b = 18
a = 48 - 18 = 30

Loop 2: 
a = 30, b = 18 → no swap
a = 30 - 18 = 12

Loop 3: 
a = 12, b = 18 → swap → a = 18, b = 12
a = 18 - 12 = 6

Loop 4:
a = 6, b = 12 → swap → a = 12, b = 6
a = 12 - 6 = 6

Loop 5:
a = 6, b = 6 → no swap
a = 6 - 6 = 0

return b = 6



384

flow diagrams



385

decision

input / output

command / 
assignment

repetition

external routine

BEGIN / END
start / end of 
algorithm



386

END

while 
a and b 

!=0

a < b

set
a = b
b = a

set
a = a - b

BEGIN

enter a 
and b

yes

no

print b

a = 0

print a

yes no



387

square roots

?input output



388

babylonian method



389

calculate square root of 
x = 16



390

S = 16A
B

A = 1
B = X / A = 16



391

S = 16A

B

A = (A + B) / 2 = 17 / 2 = 8.5
B = X / A = 16 / 8.5 ≈ 1.88 



392

S = 16A

B

A = (A + B) / 2 ≈ 10.38 / 2 ≈ 5.19
B = X / A ≈ 16 / 5.19 ≈ 3.08



393

S = 16A

B

A = (A + B) / 2 ≈ 8.27 / 2 ≈ 4.14
B = X / A ≈ 16 / 4.14 ≈ 3.86



394

S = 16A

B

A = (A + B) / 2 = 8 / 2 = 4
B = X / A = 16 / 4 = 4 



395

BEGIN

get 
number 

x



396

BEGIN

get 
number 

x

x > 0

no



397

BEGIN

get 
number 

x

set 
 A = 1

B = x / A

x > 0

yes

no



398

BEGIN

get 
number 

x

set 
 A = 1

B = x / A

x > 0

while 
|A-B| > 0.001

set 
 A = (A+B) / 2

B = x / A

no

yes



399

BEGIN

get 
number 

x

set 
 A = 1

B = x / A
print A

x > 0

while 
|A-B| > 0.001

set 
 A = (A+B) / 2

B = x / A

END

no

yes



400

estimating π

?input output



401

r



402

r



403

r
2r

2r



404

r
2r

2r

= 
πr2

4r2



405

r
2r

2r

= 
πr2

4r2



406

r
2r

2r

= 
π
4



407

monte carlo simulation



408

= 
π
4



409

= π4



410

= π4

4= 



411

= π4

4= 



412

= π4

4= 



413

= π4

3= 



414

= π4

3,2= 



415

= π4

3,33= 



416

= π4

3,43= 



417

= π4

3= 



418

BEGIN

print pi

END

repeat 10.000  
times

set 
in_circle = 0 set x, y = 

random (0,1)

(x,y) 
in 

circle

increase 
in_circle

yes

no

set 
pi = 4*(in_circle / 10.000)



419

gregory-leibniz series



420



421



422

sorting

?input output



423

[ 9, 5, 2, 1, 4, 7 ] 



424

bubble sort



425

repeatedly compare and swap elements 
until done.



426

[ 9, 5, 2, 1, 4, 7 ] 



427

[ 9, 5, 2, 1, 4, 7 ] 9 > 5 ?



428

[ 9, 5, 2, 1, 4, 7 ] 9 > 5 ? [ 5, 9, 2, 1, 4, 7 ] 
yes



429

[ 9, 5, 2, 1, 4, 7 ] 9 > 5 ? [ 5, 9, 2, 1, 4, 7 ] 
yes

[ 5, 9, 2, 1, 4, 7 ] 9 > 2 ? [ 5, 2, 9, 1, 4, 7 ] 
yes



430

[ 9, 5, 2, 1, 4, 7 ] 9 > 5 ? [ 5, 9, 2, 1, 4, 7 ] 
yes

[ 5, 9, 2, 1, 4, 7 ] 9 > 2 ? [ 5, 2, 9, 1, 4, 7 ] 
yes

[ 5, 2, 9, 1, 4, 7 ] 9 > 1 ? [ 5, 2, 1, 9, 4, 7 ] 
yes



431

[ 9, 5, 2, 1, 4, 7 ] 9 > 5 ? [ 5, 9, 2, 1, 4, 7 ] 
yes

[ 5, 9, 2, 1, 4, 7 ] 9 > 2 ? [ 5, 2, 9, 1, 4, 7 ] 
yes

[ 5, 2, 9, 1, 4, 7 ] 9 > 1 ? [ 5, 2, 1, 9, 4, 7 ] 
yes

[ 5, 2, 1, 9, 4, 7 ] 9 > 4 ? [ 5, 2, 1, 4, 9, 7 ] 
yes



432

[ 9, 5, 2, 1, 4, 7 ] 9 > 5 ? [ 5, 9, 2, 1, 4, 7 ] 
yes

[ 5, 9, 2, 1, 4, 7 ] 9 > 2 ? [ 5, 2, 9, 1, 4, 7 ] 
yes

[ 5, 2, 9, 1, 4, 7 ] 9 > 1 ? [ 5, 2, 1, 9, 4, 7 ] 
yes

[ 5, 2, 1, 9, 4, 7 ] 9 > 4 ? [ 5, 2, 1, 4, 9, 7 ] 
yes

[ 5, 2, 1, 4, 9, 7 ] 9 > 7 ? [ 5, 2, 1, 4, 7, 9 ] 
yes



433

[ 5, 2, 1, 4, 7, 9 ] 5 > 2 ? [ 2, 5, 1, 4, 7, 9 ] 
yes



434

[ 5, 2, 1, 4, 7, 9 ] 5 > 2 ? [ 2, 5, 1, 4, 7, 9 ] 
yes

[ 2, 5, 1, 4, 7, 9 ] 5 > 1 ? [ 2, 1, 5, 4, 7, 9 ] 
yes



435

[ 5, 2, 1, 4, 7, 9 ] 5 > 2 ? [ 2, 5, 1, 4, 7, 9 ] 
yes

[ 2, 5, 1, 4, 7, 9 ] 5 > 1 ? [ 2, 1, 5, 4, 7, 9 ] 
yes

[ 2, 1, 5, 4, 7, 9 ] 5 > 4 ? [ 2, 1, 4, 5, 7, 9 ] 
yes



436

[ 5, 2, 1, 4, 7, 9 ] 5 > 2 ? [ 2, 5, 1, 4, 7, 9 ] 
yes

[ 2, 5, 1, 4, 7, 9 ] 5 > 1 ? [ 2, 1, 5, 4, 7, 9 ] 
yes

[ 2, 1, 5, 4, 7, 9 ] 5 > 4 ? [ 2, 1, 4, 5, 7, 9 ] 
yes

[ 2, 1, 4, 5, 7, 9 ] 5 > 7 ? [ 2, 1, 4, 5, 7, 9 ] 
no



437

[ 2, 1, 4, 5, 7, 9 ] 2 > 1 ? [ 1, 2, 4, 5, 7, 9 ] 
yes



438

[ 2, 1, 4, 5, 7, 9 ] 2 > 1 ? [ 1, 2, 4, 5, 7, 9 ] 
yes

[ 1, 2, 4, 5, 7, 9 ] 2 > 4 ? [ 1, 2, 4, 5, 7, 9 ] 
no



439

[ 2, 1, 4, 5, 7, 9 ] 2 > 1 ? [ 1, 2, 4, 5, 7, 9 ] 
yes

[ 1, 2, 4, 5, 7, 9 ] 2 > 4 ? [ 1, 2, 4, 5, 7, 9 ] 
no

[ 1, 2, 4, 5, 7, 9 ] 4 > 5 ? [ 1, 2, 4, 5, 7, 9 ] 
no



440

[ 1, 2, 4, 5, 7, 9 ] 1 > 2 ? [ 1, 2, 4, 5, 7, 9 ] 
no



441

[ 1, 2, 4, 5, 7, 9 ] 1 > 2 ? [ 1, 2, 4, 5, 7, 9 ] 
no

[ 1, 2, 4, 5, 7, 9 ] 2 > 4 ? [ 1, 2, 4, 5, 7, 9 ] 
no



442

[ 1, 2, 4, 5, 7, 9 ] 1 > 2 ? [ 1, 2, 4, 5, 7, 9 ] 
no



443

[ 1, 2, 4, 5, 7, 9 ] 1 > 2 ? [ 1, 2, 4, 5, 7, 9 ] 
no

[ 1, 2, 4, 5, 7, 9 ] DONE!



444

selection sort



445

find the smallest element and move it to 
front. repeat for the rest of the elements.



446

[ 9, 5, 2, 1, 4, 7 ] [ 1, 5, 9, 2, 4, 7 ] 
move to front



447

[ 9, 5, 2, 1, 4, 7 ] [ 1, 5, 9, 2, 4, 7 ] 

[ 1, 5, 9, 2, 4, 7 ] [ 1, 2, 5, 9, 4, 7 ] 

move to front



448

[ 9, 5, 2, 1, 4, 7 ] [ 1, 5, 9, 2, 4, 7 ] 

[ 1, 5, 9, 2, 4, 7 ] [ 1, 2, 5, 9, 4, 7 ] 

[ 1, 2, 5, 9, 4, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

move to front



449

[ 9, 5, 2, 1, 4, 7 ] [ 1, 5, 9, 2, 4, 7 ] 

[ 1, 5, 9, 2, 4, 7 ] [ 1, 2, 5, 9, 4, 7 ] 

[ 1, 2, 5, 9, 4, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

[ 1, 2, 4, 5, 9, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

move to front



450

[ 9, 5, 2, 1, 4, 7 ] [ 1, 5, 9, 2, 4, 7 ] 

[ 1, 5, 9, 2, 4, 7 ] [ 1, 2, 5, 9, 4, 7 ] 

[ 1, 2, 5, 9, 4, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

[ 1, 2, 4, 5, 9, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

[ 1, 2, 4, 5, 9, 7 ] [ 1, 2, 4, 5, 7, 9 ] 

move to front



451

[ 9, 5, 2, 1, 4, 7 ] [ 1, 5, 9, 2, 4, 7 ] 

[ 1, 5, 9, 2, 4, 7 ] [ 1, 2, 5, 9, 4, 7 ] 

[ 1, 2, 5, 9, 4, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

[ 1, 2, 4, 5, 9, 7 ] [ 1, 2, 4, 5, 9, 7 ] 

[ 1, 2, 4, 5, 9, 7 ] [ 1, 2, 4, 5, 7, 9 ] 

move to front

[ 1, 2, 4, 5, 7, 9 ] [ 1, 2, 4, 5, 7, 9 ] 



452

merge sort



453

divide the elements recursively in two 
halves until only one element is left. 
then merge the sorted halves back together.



454

divide the elements recursively in two 
halves until only one element is left. 
then merge the sorted halves back together.



455

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] split



456

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] 

split



457

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] 

[ 2 ] [ 5 ] 

split



458

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 2 ] [ 5 ] 

split



459

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 4 ] [ 7 ] [ 2 ] [ 5 ] 

split



460

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 4 ] [ 7 ] [ 2 ] [ 5 ] 

[ 2, 5 ] merge

split
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[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 4 ] [ 7 ] [ 2 ] [ 5 ] 

[ 2, 5 ] 

[ 2, 5, 9 ] 

split

merge



462

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 4 ] [ 7 ] [ 2 ] [ 5 ] 

[ 2, 5 ] 

[ 2, 5, 9 ] 

[ 4, 7 ] 

split

merge
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[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 4 ] [ 7 ] [ 2 ] [ 5 ] 

[ 2, 5 ] 

[ 2, 5, 9 ] 

[ 4, 7 ] 

[ 1, 4, 7 ] 

split

merge



464

[ 9, 5, 2, 1, 4, 7 ] 

[ 9, 5, 2 ] [ 1, 4, 7 ] 

[ 9 ] [ 5, 2 ] [ 4, 7 ] [ 1 ] 

[ 4 ] [ 7 ] [ 2 ] [ 5 ] 

[ 2, 5 ] 

[ 2, 5, 9 ] 

[ 1, 2, 4, 5, 7, 9 ] 

[ 4, 7 ] 

[ 1, 4, 7 ] 

split

merge



465

complexity



algorithminput output

466

size of input n



algorithminput output

467

size of input n runtime



algorithminput output

%%algorithms_size_runtime%% 468

size of input n runtime

O(n)



%%algorithms_size_runtime%% 469

O(1) runtime is constant and independent of problem size

O(log2 n) runtime is determined by the logarithm of problem size

O(n) runtime is linear to problem size

O(n2) runtime grows quadratically with the size of the problem

O(n3) runtime grows cubically with the size of the problem

O(2n) runtime grows exponentially with the size of the problem

O(n!) runtime grows factorially with the size of the problem



470

optimization

?input output



471

traveling salesmen

?input output



472

A

D

C

B

E

F

shortest tour?



473

A

D

C

B

E

F

shortest tour?



474

brute force



475

O(n) = n!



476

5 possible cities

A

D

C

B

E

F



477

5 4 possible cities

A

D

C

B

E

F



478

5 4 3 possible cities

A

D

C

B

E

F



479

5 4 3 2 possible cities

A

D

C

B

E

F



480

5 4 3 2 1 possible city

A

D

C

B

E

F



481

5 4 3 2 1 return nome

A

D

C

B

E

F



482

5 4 3 2 1 return nome

A

D

C

B

E

F



483

O(n) = n!

n = 5



484

O(n) = n!

n = 5

N = 5 * 4 * 3 * 2 * 1



485

O(n) = n!

n = 5

N = 5 * 4 * 3 * 2 * 1

= 120 



486

n = 10

n = 20

n = 30



487

n = 25
brute force takes longer than the universe is old



488

n = 60
more possible routes than atoms in the universe



489
Image source: https://github.com/meiyi1986/tutorials/blob/master/notebooks/img/pcb-drilling.jpeg

Image source: WikimediaImage source: IEEE

Image source: IAS Observatory

Image source: VDI Nachrichten

https://github.com/meiyi1986/tutorials/blob/master/notebooks/img/pcb-drilling.jpeg
https://upload.wikimedia.org/wikipedia/commons/1/1b/Hellmann_Hamburg_LKW02.jpg
https://csdl-images.ieeecomputer.org/mags/cg/1996/06/figures/g60141.gif
https://www.ias-observatory.org/index.php/en/observatories/gamsberg-2
https://www.vdi-nachrichten.com/technik/telekommunikation/wenn-die-glasfaser-ins-haus-kommt/


490

shortest paths

?input output



491

A

D

C

B

E

6

1 2 2

5

5

1



492

dijkstra's algorithm



493

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = ∞, C = ∞, D = ∞, E = ∞

Set A as first 
location
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A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 6, C = ∞, D = ∞, E = ∞

Update distance 
to B to 6 



495

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 6, C = ∞, D = 1, E = ∞

Update distance 
to D to 1 



496

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 6, C = ∞, D = 1, E = ∞

Move to D as 
next location 

Mark A as 
visited



497

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = ∞, D = 1, E = ∞

Update distance 
to B to 3 



498

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = ∞, D = 1, E = 2

Update distance 
to E to 2 



499

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = ∞, D = 1, E = 2

Move to E as 
next location 

Mark D as 
visited



500

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

Update distance 
to C to 7



501

A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

No update for B, 
shorter path 
exists



502

A

D

C

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

Move to B as 
new location

Mark E as 
visited

B



503

A

D

C

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

No further 
locations 
reachable 
from B

B



504

A

D

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

Move to C as 
new location

C
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A

D

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

No further 
locations 
reachable from 
C

C
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A

D

C

B

E

6

1 2 2

5

5

1

Distances: A = 0, B = 3, C = 7, D = 1, E = 2

All nodes 
visited, we're 
done!
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spam emails

?input output



508

finding oranges in images

? output



509

Image source: Wikimedia

https://upload.wikimedia.org/wikipedia/commons/thumb/e/e3/Oranges_-_whole-halved-segment.jpg/800px-Oranges_-_whole-halved-segment.jpg


510

Image source: Wikimedia Image source: Wikimedia

https://upload.wikimedia.org/wikipedia/commons/thumb/e/e3/Oranges_-_whole-halved-segment.jpg/800px-Oranges_-_whole-halved-segment.jpg
https://upload.wikimedia.org/wikipedia/commons/thumb/b/bb/Spalding_Basketball.jpg/800px-Spalding_Basketball.jpg
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what set of rules can solve this?



512

machine learning algorithms



513

rule-based 
program

rules

answerdata



514

rule-based 
program

rules

answerdata

machine 
learning rules

data

answers


